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Abstract
Lie symmetry analysis is an established method for generating symmetries of differential
equations. We apply this method together the generalized fundamental theorem of double
reduction. In particular, Noether symmetries and some associated conservation laws are con-
structed in our investigation to find exact solutions of higher order partial differential equations
and complex partial differential equations.
1 Introduction
In this paper we use the method of double reduction to find the exact solutions of a Cubic nonlinear
Schro¨dinger Partial Differential equation. Experiments on compressional dispersive Alven(CDA)
waves have been done before on [13] and [14] where the relationship between CDA waves and the
pertubations were analysed. Further in [14], the amplitude of the waves in a magnetic electron-
positron plasma was discussed. In both experiments it was concluded that the system of equations
under investigation can be written as the following equation:
utt − (3a2 + c2)uxx − δ2uxxxx − δ2uxxtt = 0. (1)
This equation was analysed in [12].
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In order to get an envelope of CDA waves we need an interaction of a CDA pump and a quasi
stationary compressional magnetic field.When the CDA envelope evolves we get a cubic nonliniar
Schro¨dinger Partial Differential equation (NLSE) written as:
iqt + βiqx − γqxx + δq|q|2 = 0, (2)
where q is the complex valued dependent variable, and γ is the coefficient of the GVD, γ is the
self-phase modulation (SPM) owing to /kerr law β is the inter-modal dispersion(IMD). We find
that if we balance SPM and GVD, we get solitons.
To create a system of equation, we substitute q = u+ iv into (2) where u = u(x, t), v = v(x, t) and
separate into real and imaginary parts to obtain:
G1 = ut + βux − γvxx + δv(u2 + v2) = 0, (3)
G2 = −vt − βvx − γuxx + δ(u2 + v2) = 0.
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2 Conservation laws and conserved quantities of Cubic Schro¨dinger
Partial Differential equation
To find multipliers and conservation laws, the condition below must hold.
q1(ut + βux − γvxx + δv(u2 + v2)) + q2(−vt − βvx − γuxx + δ(u2 + v2)) = DtT t +DxT x.
where q1, q2 are multipliers of (2) and T t, T x conserved vectors of (2).
From total divergence we set
δ
δu
[q1(ut + βux − γvxx + δv(u2 + v2)) + q2(−vt − βvx − γuxx + δ(u2 + v2))] = 0 then use Maple
and Mathematica to get the following results,
(i) (q1, q2) = (vx, ux)
T x1 =
1
4
(δu4 + 2δu2v2 + δv4 + 2vut − 2uvt − 2γ(u2x + v2x)), (4)
T t1 =
1
2
(−vux + uvx).
(ii) (q1, q2) = (u,−v)
T x2 =
1
2
(βu2 + v(βv + 2γux)− 2γuvx),
T t2 =
1
2
(u2 + v2). (5)
(iii) (q1, q2) = (ut, vt)
T x3 =
1
2
(−γ(utux + vxvt) + u(βvt + γuxt) + v(−βut + γvxt)),
T t3 =
1
4
(δu4 + 2δu2v2 − 2u(βvx + γuxx) + v(δv3 + 2βux − 2γvxx)). (6)
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(iv) (q1, q2) = (−βu+ xu+ 2γtvx, βtv − xv + 2γtux)
T x4 =
1
2
[tγδu4 + β(x− tβ)v2 + tγδv4 + u2(β(x − tβ) + 2tγδv2)
2γv(tut + (x− tβ)ux)− 2γu(tvt + (x− tβ)vx)− 2tγ2(u2x + v2x)],
T t4 =
1
2
((x− tβ)u2 + v((x − tβ)v − 2tγux) + 2tγuvx). (7)
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3 Symmetries of Cubic Schro¨dinger Partial Differential equa-
tion
A one-parameter Lie group of transformations that leave (4) invariant will be written as a vector
field
X = τ(x, t, u, v)∂t + ξ(x, t, u, v)∂x + η
1(x, t, u, v)∂u + η
2(x, t, u, v)∂v (8)
Equation (4) has the following variational symmetries:
X1 =∂t,
X2 =∂x,
X3 =u∂v − v∂u,
X4 =2γt∂x + (βt− x)u∂v + (−βt+ x)v∂u,
X5 =2t∂t + (βt+ x)∂x − u∂u − v∂v.
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4 Double reduction of Cubic Schro¨dinger Partial Differen-
tial equation
In order to perform a double reduction, we need to show association between the symmetries and
the conservtion laws calculated in the previous sections.
To check if a Lie-Ba¨cklund symmetry X of differential equation is associated with conservation
lawT = (T 1, T 2, ..., T n) the following equation must hold
T ∗i = X(T i) + T iDjξ
j − T jDjξi = 0 (9)
for i = 1, 2, ..., n.
Double reduction of Cubic Schro¨dinger Partial Differential equation by
symmeties X1 and X3
In this section we use symmetries < X1, X3 > and conserved vectors given in (5) to reduce the
Cubic nonlinear Schro¨dinger Partial Differential equation.
Firstly we show that Lie-Ba¨cklund symmetries X1 and X3 are associated with conservation law
T = (T x, T t) given in (5) using the following version of (9) for i = 1, 2 :
T ∗ = X

T
t
T x

−

 Dtξ
t Dxξ
t
Dtξ
x Dxξ
x



T
t
T x

+ (Dtξt +Dxξx)

T
t
T x


We obtain
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
T
∗t
2
T ∗x2

 =X [1]1

T
t
2
T x2

−

0 0
0 0



T
t
2
T x2

+ (0)

T
t
2
T x2


=X
[1]
1


1
2 (u
2 + v2)
1
2 (βu
2 + v(βv + 2γux)− 2γuvx)


=

0
0


and

T
∗t
2
T ∗x2

 =X [1]3

T
t
2
T x2

−

0 0
0 0



T
t
2
T x2

+ (0)

T
t
2
T x2


=X
[1]
3


1
2 (u
2 + v2)
1
2 (βu
2 + v(βv + 2γux)− 2γuvx)


=

 u
1
22v − v 122u
u 12 (2βv + 2γux)− v 12 (2βu+ 2γvx) + ux 12 (−2γu)− vx(122γv)


=

0
0


where
X
[1]
1 =∂t
X
[1]
3 =u∂v − v∂u + ut∂vt + ux∂vx − vt∂ut − vx∂ux
Thus X1 and X3 are both associated with T2. We then consider a linear combination of X1 and
X3, of the form X = X1 + cX3 and transform this generator to its canonical form Y =
∂
∂s
, where
we assume that this generator is of the form
Y = 0
∂
∂r
+
∂
∂s
+ 0
∂
∂w
+ 0
∂
∂p
.
From X(r) = 0, X(s) = 1, X(w) = 0, and X(p) = 0, we obtain
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dt
1
=
dx
0
=
du
−cv =
ds
1
=
dr
0
=
dw
0
=
dp
0
=
dv
cu
. (10)
We then solve (10) using the method of invariants, and the results are summarized in Table 4.1
Invariats of X = ∂
∂t
+ c(u∂v − v∂u)
dt
1 =
ds
1 b1 = s− t
du
−cv
= dv
ku
b2 = u
2 + v2
dv
cu
= dt1 b3 = arctan(
v
u
)− ct
dr
0 b4 = r
dp
0 b5 = p
dw
0 b6 = w
dx
0 b7 =x
Table 1: invariants table
.
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By choosing b1 = 0, b4 = b7, b6 =
√
b2,and b3 = b5 we get
r = x
s = t
w =
√
u2 + v2
p = arctan
(v
u
)− ct
The matrices A and A−1 can be computed using the canonical coordinates above
A =

Dst Dsx
Drt Drx

 =

1 0
0 1

 = (A−1)T (11)
and J = det(A) = 1.
The inverse canonical coordinates are presented below
x = r,
t = s,
u = w cos(p+ cs),
v = w sin(p+ cs).
The first and second partial derivatives of u and v in terms of new dependent variables w and p
are,
9
ux =wr cos(p+ cs)− wpr sin(p+ cs),
uxx =wrr cos(p+ cs)− 2wrpr sin(p+ cs)− wp2r cos(p+ cs)− wprr sin(p+ cs),
ut =− cw sin(p+ cs),
vx =wr sin(p+ cs) + wpr cos(p+ cs),
vxx =wrr sin(p+ cs) + 2wrpr cos(p+ cs) + wprr cos(p+ cs)− wp2r sin(p+ cs),
vt =cw cos(p+ cs).
The reduced conserved form will be


T s2
T r2

 =J(A
−1)T

T
t
2
T x2


=


1
2 (u
2 + v2)
1
2 (βu
2 + v(βv + 2γux)− 2γuvx)

 . (12)
Substituting the first and second partial derivatives of u and v into (12) we get


T s2
T r2

 =


1
2w(r)
2
1
2 (2βw(r)
2 + γw(r)w(r)r sin(2(p+ ks)) + 2γw(r)
2 cos(2(p+ ks))


where the reduced conserved form is also given by
DsT
s
2 = 0. (13)
The second step of double reduction can also be given as
w(r)2 = ǫ (14)
ǫ is constant, or equivalently
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w(r) =
√
ǫ (15)
Differentiating (15) implicitly with respect to r we get
d
dr
w(r) = 0. (16)
Our original system is equivalent to
sys1 =


g1
1Q1 + g1
2Q2 = 0,
g1
1Q1 − g12Q2 = 0.
(17)
This system can be rewritten as
DtT2
t +DxT2
x = 0,
G1
1Q1 −G12Q2 = 0. (18)
The second equation of sys1 from is given by
u(ut + βux − γvxx + δv(u2 + v2))− (−v)(−vt − βvx − γuxx + δ(u2 + v2) = 0 (19)
Substituting (15),(16),(19) and the first and second partial derivatives of u and v in terms of w(r)
and p(r) we get
− cǫ sin(2p(r) + 2cs)− βǫp′(r) sin(2p(r) + 2cs)− γǫp′′(r) cos(2p(r) + 2cs)
+ γǫp′(r)2 sin(2p(r) + 2cs) + δǫ2 sin(2p(r) + 2cs) = 0 (20)
When computing the final solution to equation (20) we get tedious solution. We then compute the
solution of (20) for the following cases.
Case 1: c = γ = 0
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p(r) =0, (21)
p(r) =− π
2
, (22)
p(r) =
π
2
, (23)
p(r) =
rδǫ
β
+ c1. (24)
From (21), p(r) = 0:
u =
√
ǫ,
v = 0,
q =
√
ǫ.
From (22), p(r) = −π2
u = 0,
v = −√ǫ,
q = −i√ǫ.
From (23), p(r) = π2
u = 0,
v =
√
ǫ,
q = i
√
ǫ.
From (24), p(r) = rδǫ
β
+ c1
12
u =
√
ǫ cos(
xδǫ
β
+ c1),
v =
√
ǫ sin(
xδǫ
β
+ c1).
From canonical coordinates
q =
√
ǫei(
xδǫ
β
+c1) (25)
Case 2 c = β = 0:
p(r) =0, (26)
p(r) =− π
2
, (27)
p(r) =
π
2
, (28)
p(r) =c1. (29)
From (29) p(r) = c1
u =
√
ǫ cos(c1),
v =
√
ǫ sin(c1),
q =
√
ǫeic1 .
Case 3 δ = γ = 0:
p(r) =− cs, (30)
p(r) =− π
2
− cs, (31)
p(r) =
π
2
− cs, (32)
p(r) =− cr
β
+ c1. (33)
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From (30) p(r) = − cr
β
+ c1
u =
√
ǫ cos(
c(βs− r)
β
+ c1)
v =
√
ǫ sin(
c(βs− r)
β
+ c1)
From canonical coordinates
q =
√
ǫei(
c(βt−x)
β
+c1) (34)
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5 Conclusion
In this paper we have calculated multipliers and conservation laws of the respective Cubic Schro¨dinger
partial differential equation. Further, we showed that if a symmetry is associated with a conserva-
tion law we can apply the fundamental theorem of double reduction obtain an ordinary differential
equation. Consequently we used Maple and Mathematica to calculate exact solutions for special
cases.
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